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Galilean Invariance and Magnetic Charge
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Abstract

The Galilean and ‘dual’ invariant electrodynamics with magnetic charges is formulated.
The definition of the main feature of relativistic electromagnetism is given. Consideration
of different aspects of Galilean electromagnetism with magnetic charges is presented. It
is shown in particular that the conclusion of Bacry & Kubar-Andre (1973) that the
existence of the magnetic monopole is incompatible with Galilean invariance in general
appears to be incorrect.

1.

The Maxwell equations and electromagnetic force for the system of dual
charged particles (particles endowed with both electric (g) and magnetic (g)
charges) in MKSA units are:

of .
VXH=€05+JQ; V.E =pg4/eo
(1.1)

oH .
VxE=—u, Pyl V.H=pg/uo

F= [ &’ {pE(x) + ogH(r) + pojg x H() — €0y x (M} (1.2)

There j, (j,) is the density of electric (magnetic) current, p,(pg) is the
density of electric (magnetic) charge, (cp, j) is a current four-vector, j, =
Ziiqis ig = Zilgi» Pq = ZiPq Pg = Zi pg; and subscript (7) indicates a dual
charged particles with charges q; and g;, and €y (two constants) are defined
in the usual way.
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114 V. 1. STRAZHEV

The Maxwell equations (1.1) can be solved by means of two independent
potentials (cy, A) and (c¢, B).

9A
=-Vp-—-——VxB=E, +E,;

ot
[.l()H" VXA“‘V(b‘E["“(Hq'f'Hg)uO (13)
where
, oA
Eq=—-Vgo—¥, E,=—-VxB, HoHg = VXA,

0B

H,=—-V¢-——

HoHlg Vo ot

and subscripts ‘q’, ‘g” of the fields E, H indicate the type of source that produce
these fields.

The system of equations (1.1) falls, in this case, into two systems of
equations:

]
VxHq=eo~é?q+]q, V.E;=p4/e0
2 (1.4)
VxEq=—-u0—£—q, V.H,=0
and
oF
Vng=eO—5—f, V.E;, =0
oH, (1.5)
VxEp=—o " —ig,  V-Hg=pgliy

As has been shown (Le Bellac & Levy-Leblond, 1973; Penfield & Haus,
1967) there exist two different Galilean limits of electrodynamics: the ‘electric’
and ‘magnetic’ limit. These limits are based on the following conditions:

@ clpl>1jlso |EI> cuol HI; (D) clp|<ljlso {E|<cuplHI, respectively.

For the dual charged particles ‘electric’ limit corresponds to realisation of
the following conditions:

cl®pg 1> 19,1, 1°Eq|> cuol®Hgl

clog 13 1%g],  |“Egl < cuol“Hyl (1.6)
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The Maxwell equations and Lorentz force have the following form in this
limit:

3°E
VxH=ep —=+%,, V.°E =°p,/eo
1.7)
3°H, (
VxE=—po— . V."H="pgluq

°F = [ d% %o, B() +P¢ O 4 e x “Hy(r) — el x “Eq (0} (1.8)

and they are invariants under the following Galilean transformations of fields
and sources:
°E'=°E + ov x °Hy, °H' = °“H — ¢4v x °Eq
“Pate) = “Pate)- “la@ =la@ —V-*Pate) (19)
and Galilean transformation of the spatio-temporal gradient:

19 13 1

Yot i 10

¢ o9t ¢ or ch (1.10)
V' =V

Superscript e indicates the ‘electric’ limit to which correspond equations
(1.7) and (1.8) and transformations (1.9). The field vectors °E, “H in (1.7)-
(1.9) are a superposition of the fields °Eq, °E; and “Hg, °H,. The transforma-
tions (1.9) can be derived from the usual Lorentz transformations of fields and
sources taking into account condition (1.6) and the limit ¢ — °o. First we get
the Galilean limit of equations (1.4) and (1.5) and then make the transition to
system (1.7).

In the ‘magnetic’ limit (superscript ‘m”) we have:

Clmpq[<|qu], lmEq|<<Cllolqul (1.11)
c{mpgf<lmjgf, nggi>C#01mHgt
In this limit Galilean transformations of fields and sources have the following
form:

n fa
TE ="E +uovx "Hg, H' ="H—eqvx "E,
"Pate) = "Pa) — €ooV- o), Maw = M (1.12)
The Maxwell equations and the Lorentz force in this limit have the form:

m
Eg+m

b
Vx™H = ¢ ia, V."E ="p, e

(1.13)
a™ )
R R T
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b¢34 m
"= [ % {"pg . " Eg(®) + "o " Hg(r) + gig x "H(r) — g I X EW}
(1.14)

While proving the Galilean invariance of (1.14) we made use of (1.13) and
of the fact that the surface integral of the term " E, x " H, (or "E, x " H,)
is vanishing. In the ‘magnetic’ limit, as can be seen from (1.13), ™ pg(g) and
™jq(g do not obey the continuity equation in contrast to the ‘electric’ limit.

If we put j, = 0, p, = 0 and exclude from (1.7) to (1.9) and (1.12) to (1.14)
the field vectors with subscript ‘g’ and omit subscript ‘g’ of the fields E, H we
get ‘electric’ and ‘magnetic’ limits of electrodynamics in Galilean invariant
form with the presence of only electric sources.

The Maxwell equations and the Lorentz force in both limits are invariants
under the following ‘dual’ transformations.

eOqu - eOqu cosf + Hong sin 0, Moqu - Hoqu cos 0 — eOdEg sin 8
€6’E,~> €67 E, cos 6 + ug’Hy sin 0, e Hy > 1o, cos 0 — e Eq sin 0
(1.15)

and corresponding transformations of the sources pg, pg and jg, jg. Super-
script ‘d” in (1.15) indicates the ‘electric’ ‘€’ or ‘magnetic’ ‘m’ limits.

We do not intend to discuss here the physical peculiarities of both Galilean
formulationst of electrodynamics. The reason is that for the case of electric
sources alone it was perfectly done by Le Bellac & Levy-Leblond (1973).
Taking into consideration the ‘dual’ symmetry the discussion for the magnetic
sources immediately follows. We only note that the main feature of Galilean
formulations is that the force between the current and moving charge in the
‘electric’ limit and the static force between the charges in the ‘magnetic’ limit
is absent.

2.

During the investigation of Galilean limits of electrodynamics with electric
sources alone it turned out, rather unexpectedly, that we cannot give the
precise meaning of what we refer to in relativistic aspects of electromagnetism
(Le Bellac & Levy-Leblond, 1973). But the situation is different, as will be
seen, if we take into account magnetic sources. In fact as can be seen from
the field equations and equations of motion in both Galilean limits of electro-
dynamics, the electric and magnetic fields produced by electric and by magnetic
sources have a different physical nature.f The introduction in Galilean electro-
magnetism (in both limits) of the following principle—it is impossible to deter-
mine experimentally the difference between electric and magnetic fields of

+ Considering the definition (1.3) we can define the fields E, H in both limits through
the potentials A, B, ¢, ¢ and discuss the Lagrange formulation of the theory on this basis.
1 For example, in the ‘electric’ limit there exists a magnetic field produced by
electric sources. But this field, contrary to the magnetic field of magnetic sources, has
no effect on the electric charge in motion.
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electric sources and the corresponding fields of magnetic sources—indicates
the necessity of transition to the electrodynamics of Maxwell-Lorentz, where
the fields Eq, Ey and Hy, He are equivalent in their physical appearance. But
the above-mentioned principle has never been formulated before in a manifest
form in electrodynamics, though it essentially reflects the relativistic aspects
of Maxwell electromagnetism.

From the formal point of view, the correctness of this principle demands
that the equation of motion and field equations must be invariant under the
following substitutions (not necessarily simultaneous):

E; < Eg, H, < Hg

It can be satisfied only in the electrodynamics of Maxwell-Lorentz, and
the transition of Galilean electromagnetism into Maxwell electromagnetism
can be achieved by omitting the subscripts ‘¢°, ‘g’ of the field vectors. If one
omits the subscripts ‘¢’ and g’ of the fields Ey (), Hy(g) (i.e. no distinction made
about these fields), we pass from the Galilean transformations of fields (1.9)
and (1.12) to the following transformations:

E' =E +uyvxH
H =H—¢uvxE (2.1)

These transformations are usually used in the quasi-relativistic considera-
tion of electromagnetic phenomena. As was indicated by Le Bellac & Levy-
Leblond (1973), and as can be seen from our derivation of the above-mentioned
transformations, they do not correspond to the correct Galilean transformation
of the fields. On the basis of the above-mentioned it was stated (Le Bellac &
Levy-Leblond (1973)) that these transformations have no precise physical
meaning and their use should be avoided. But from our investigation the
following possibility of interpretation of these transformations evolves the
consideration of (2.1) with the Maxwell equations (1.3) is a relativistic
modification (e.g. taking into account the effect in the first order by v/c) of
Galilean electromagnetism.

If we omit subscripts ‘q’, ‘g’ of field vectors the transformations (1.15) are
the usual dual transformations in electrodynamics. Dual transformations of
the field vectors E, H can be induced by two types of dual transformations
for their components Eq, Eg and H,, H,. There can be transformations between
electric and magnetic fields of one type (e.g. only with subscripts ‘g’ or ‘g’)
or transformations of the type (1.15). Only the first type of transformations
expresses the symmetry between electric and magnetic fields that are inherent
in relativistic electromagnetism. The latter type of transformation reflects, as
one can see, the symmetry of Galilean electromagnetism.

Supposing that electrodynamics is first formulated as Galilean invariant
theory, the formulated principle above might and does serve as the basic for
the transition to the relativistic (Maxwell-Lorentz) consideration of electro-
magnetism. This approach can be realised without the introduction of a new
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particle—the Dirac monopole.t As has been stated, the Maxwell-Lorentz
electrodynamics can be formulated in dual symmetrical form whilst con-
sidering charged particles as dual charged particles under the condition of
universality of ratio of their charges g/g (see, for example, Schwinger, 1966;
Strazhev, 1972). In this case one can remember an ingenious paper of Hertz
(1884). Hertz, on the basis of introducing the principle of unity of all physical
forces in electromagnetic phenomena and simultaneous introduction of
magnetic sources, passed from the equations of electrodynamics of Weber-
Neuman (theory of action at distance) to the Maxwell equations. The analysis
of this work shows that the Hertz derivation can be understood as the intro-
duction into electrodynamics of the principle which we have already formu-
lated above. And at this stage the results of our work might be considered

as the reinterpretation of the Hertz classical work on the basis of Galilean
electrodynamics.

3.

Consider the motion of a dual charged particle with charges g, g, in the
field of a particle with charges g, g,. In the ‘electric’ limit one has the
following equation:

dV1 i .
my —(—17=Q1E2 +g1Hy + uojg, x Hg, — €0y, x By, (3.1a)
In the rest system of particles 2 at time ¢ one finds:
i £ar - qar
B dnper®” L 4ner’”

If particle 2 has the speed v,, transformation formula (1.9) provides us with
fields measured in the laboratory
gof  £aVa XY

E2= — H ZH’
4regr® 4w & &

__&a¥ G2V Xt
27 3 + 3 H
4mugr 47y

Eq = E‘I;’z

2

and there is the following Galilean invariant equation of motion:

ldﬂz(qchg_Fmgz) r +(611g2—CI2g1)(V1‘“"2)Xr (3.1b)

dt € Mo | 4nrd aqp3

The equation of motion of particle 2 in the field produced by particle 1
can be readily obtained from (3.1b) (one must replace 1 by 2 and r by —1)

1 For a general account of theory of magnetic monopole, see the review article by
Strazhev & Tomilchik (1973), where references to the original literature will be found.



GALILEAN INVARIANCE AND MAGNETIC CHARGE 119

m ffjg=_(01€iz+g;gz) r +(€Zlg2—42g1)(“’2“"1)xr (3.1¢)

2 dr €g ug | 4mr3 4nr3
And, as can be seen, the condition
dvy dv,
my—-+tmy— =0
Yar T e

that comes out to require the validity of Newton’s third law is satisfied
immediately.

An equation of the form (3.1b, ¢) was investigated by some authors (see,
for example, Carter & Cohen, 1973) in the case of the theory of the magnetic
monopole in non-relativistic approximation. It was stated there that one has
no Galilean approach for the derivation of these equations, based on field
theory. But, as we see, this approach does exist.

In the ‘magnetic’ limit one has

V."jg= V.7jg=0
so it is not possible to discuss in that case the motion of charged particles
without supplementary assumptions. This question will be discussed in Section
4. But in this case one can state that the existence of the magnetic monopole

is compatible with Galilean invariance. We note that the discussion of the
motion of charged particles is the most appropriate in the ‘electric’ limit.

4.

We now consider the case when for electric sources and their fields use
of the ‘magnetic’ limit is made and for magnetic sources and their fields use
of the ‘electric’ limit is made. Introducing the definition:

w

E=°E, +"E,

H=°H, +"H,
one can formulate the Maxwell equations for field vectors E, H with the help
of equations for “Eg, °Hg, ™E,, ™Hy in corresponding limits. So one has

v x fI:qu V.}:szpq/eo
oH

vxfss—;zoé—f——ejg, V. H="%p,/u (4.1)

From (1.9) and (1.12) the Galilean transformations of fields E, H can be
derived:

VEI =E+u0vxﬁ
H =H (4.2)

The sources "'jg, " pg, ¢ig, °pg are transformed in accordance with (1.9)
and (1.12). The Maxwell equations (4.1) are invariants under transformations
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(1.10), (4.2) and Galilean transformations of sources. The Galilean invariant
expression for force has in this mixture limit the following form:

F= | d®r{gH(r) + ug"jq x H(} (4.3)

For the magnetic sources, but not for the electric sources, the continuity
equation is held in this mixture limit. We must suppose that the vector density
™jq is a source for magnetic fields, a source which has nothing to do with
electric charges (cf. Bacry & Kubar-Andre, 1973). In this case an electric
charge in motion cannot produce a magnetic field; we can consider, simul-
taneously, two kinds of sources: ™ pg, "jg and og, ®ig-

The Galilean invariant expression of force has in this case the form:

F= [ & {%ogH(r) + ug™iq x HY) + uio x H@) + %04 EM}  (4.4)

We note here that in accordance with the above-mentioned assumption the
term °pg . “Hy in (4.4) must be dropped. Without this term one cannot include
the term ®jg x °Eq in (4.4) because the term is not Galilean invariant when alone.
This circumstance is very important in the following work. It would be logical,
of course, to formulate the Maxwell equations and Galilean transformations
for the fields H,E, where 'E=E + °E,, and introduce in equation

V.E=mpq!eo

two types of sources of an electric field:
v. ;E - (mpq + epq)ffo

Then in the expression for force one should take, instead of the term 04E,
the term %, 'E. But this modification has no principal value for the following
discussion and for simplicity our attention will be concentrated on equations
(4.1) and (4.4). If one wants to consider the mutual interaction of dual
charged particles then in (4.4) the term pig"'jq x H ought to be omitted. The
equations (4.1) and (4.4) are the basis of the work of Bacry & Kubar-Andre
(1973). For the case of interaction of two dual charged particles we have (in
line of reasoning with Section 3):

dvy_ (9192 8182 r (v — v xr
=1= + +
M ( €o o | 4nr’ h&27" s
dvy q192 8182\ T (vp—vy)xr
“¥z. + — D e 4.5
20 ( €o o | 4mr® §1927 3 (4.5)

and the validity of Newton’s third law is required:

£1921829:=0 (4.6)
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So from the condition (4.6), as was shown by Bacry & Kubar-Andre (1973),
it follows that in Galilean invariant theory there is no place for duat charged
particles. This conclusion can also be stated in the case where electric and
magnetic charges exist separately. The reason for these conclusions is made very
clear in our approach. For the case of dual charged particles this conclusion is
caused by the application of two mutually excluding physical conditions
(1.6) and (1.11) to the same particle. Of course, one can formulate Galilean
theory on the basis of uniting two Galilean limits for every type of source.
But in this case, as was shown by Le Bellac & Levy-Lebbond (1973), the
fulfilment of Newton’s third law is not required. This means that this law is
consistent with Galilean invariance but is not obligatory.

The approach of Bacry & Kubar-Andre (1973) can, in principle, be used in
the case of the separate existence of electric and magnetic charges. But from
the general point of view this approach should be rejected. As was noted by
Le Bellac & Levy-Leblond (1973), the use of the limiting procedure ¢ =~ o in
the Maxwell equations, formulated in the system of units including the velocity
of light in their definition (CGSE or CGSM), is very ambiguous.

The results of the work of Bacry and Kubar-Andre arise from the use of
system of units CGSM which is not appropriate for deriving the Galilean
limits of electrodynamics of dual charged particles. In the last section, Section
IV of their work an analysis of the theory is given which comes close to the
initial position of our work. But the principal difference lies in the fact that
in our approach the restrictions {1.6) and (1.11) on the fields are formulated
for every type of field Eq, E;, Hy, He. If we do not take into account the
differencet between the fields E;, H, and E,, H, then the conditions (1.6)
and (1.11) for the fields are not self-consistent, as was in fact stated by the
above-mentioned authors.

5.

It may seem somewhat strange that the constants e, uo appear in the
electric and magnetic limits simultaneously. It is known that in the MKSA
type system these constants are related through the formula egto = 1/¢2. And
if we can measure the quantities €y and ug simultaneously, it means that in
principle we can measure the velocity of light. But this possibility is contrary
to our definition of Galilean theory.

But this time it can be clearly seen that the wave equations there have
the form (p=0,j=0)

V2F=¢ (5.0
where % = (E, H) and E, H are the vectors of electric or magnetic fields in the
corresponding limits. In equation (5.1) the term €yuq(3%F/d12) is absent and

the factor €gpg cannot be compared with the 1/¢? factor. This fact can be
explained in the following way. The relation between € and yq in the electro-

1 We have already seen that consideration of fields Eq, Eg and Hg, Hg on equal
terms is a feature of Maxwell electrodynamics but not Galilean electromagnetism.
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dynamics of Maxwell can be stated only on the basis of knowing the laws of
Kulon, Bio-Savar and the equation of continuity for the sources. But none of
the Galilean limits of electrodynamics has these laws and satisfies the equation
of continuity simultaneously.

The introduction of interaction between electric and magnetic sources
does not change the whole situation. The reason is that we introduce a new
unit of dimension: the dimension of magnetic charge (G). From this point
of view it is more logical, of course, to express the Maxwell equations in the
system of five units: Cohn system (Cohn, 1900), Sommerfeld (1967) or
MKSQG system of units. The Maxwell equations have the following form in
the Cohn system of units.

, OE | ,
I‘VxH=eo—é—;+]q, V.E =p4/eq

, oH | '
FVXE:-#ogI‘“Jg, V.H = pg/= g (5.2)

Here T is 2 new absolute constant with dimension [T'] = 0G™! m! sek™! and
between I, €, g and c the following relation is stated

Teguy = 1/¢*

If one puts T" equal to 1 then one can make the transition to the MKSQ
system. But this includes the idea that the static interaction between magnetic
charges can be described as the interaction of two permanent magnets (on the
basis of electric sources) under appropriate conditions. But this possibility
cannot be realised in both Galilean limits because, in this case, it means the
physical equivalence of magnetic fields H, and H,. From this consideration it
becomes clear that the simultaneous presence of eg and g in the equations of
both Galilean limits is innocuous and does not indicate the possibility of the
definition of velocity of light.

Another way of describing the situation involves the idea that one can
measure the fields E;, E; and Hy, Hg, both limits in different units. Taking
into consideration the last remark, one can easily see the method of obtaining
the system of equations (1.7) and (1.8) with the help of the limiting procedure
¢~ o0 in the Maxwell equations. In this case, for example, the ‘electric™ limit
can be obtained by taking equations (1.4) in the CGSE system and equations
(1.5) in the CGSM system. In general the use of the Cohn system of units for
the investigation of Galilean limits of electrodynamics with magnetic charges
is, in principle, preferable.
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